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Kirchberg preprint $\mathrm{T}\mathrm{h}\mathrm{e}$ classification of purely infi-
nite $C^{*}$ -algebras using Kasparov’s $\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{y}\rfloor[.18]$ 2 Theorem $\mathrm{A}$ , The-
orem $\mathrm{B}$ $A$
Theorem A (1995 6 ) Fields Institute
Kirchberg 1994 preliminary version (
draft 3) Fields Institute Lecture note





(i) Separable $C^{*}-$ $A$ $O_{2}$ $C^{*}-$ $A$
exact $0$
(ii) Separable unital $C^{*}-$ $A$ $O_{2}$ $C^{*}-$ $O_{2}$
range $A$ nuclear
$O_{2}$ 2 generator Cuntz (i.e. $s_{1}s_{1}^{*}+s_{2}s_{2}^{*}=1$
isometry $s_{1},$ $s_{2}$ $C^{*}-$ [8] $)$
2 Exact $C^{*}-$
Exact $C^{*}-$ Kirchberg $\mathrm{c}\mathrm{f}.[13]$ 70
Definition 1 $C^{*}-$ A exact $C^{*}-$ short exact se-
quence (i.e. $C^{*}-$ $\mathrm{B}$ J)
$0arrow Jarrow Barrow B/Jarrow 0$
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$\mathrm{O}arrow A\otimes Jarrow A\otimes Barrow A\otimes B/Jarrow \mathrm{O}$
exact (i.e. functor $A\otimes$ exact
$A$ exact )
$\otimes$ minimal $c*$-tensor product. $\otimes_{\max}$ maximal $c*$-tensor product
Remark 2 Definition 1 $\otimes$ $\otimes_{\max}$ $C^{*}-$ $A$
(i.e. $A\otimes_{\max}$ exact functor)
Fact 1Nuclear $C^{*}-$ exact
Exact $C^{*}-$
Fact 2Exact $C^{*}-$ $C^{*}-$ exact
Highly nontrivial
Fact 3 Exact $C^{*}-$ quotient exact $[15]_{\text{ }}-$
inductive $\mathrm{l}\mathrm{i}\mathrm{m}\mathrm{i}\mathrm{t}_{\text{ }}$ minimal tensor ex-
tension [14]
[1], [7], [10], [23]
Nudear $\Rightarrow(1)$ $CBAP\Rightarrow PropertyS^{()}\Rightarrow(2)3$ Exact
$ExaCt\Leftrightarrow Propertyc\Leftrightarrow PropertyC;\Leftrightarrow NuClearlyembeddab\iota e$
Exact $\Rightarrow(4)$ Local $refleXive\Leftrightarrow PropertyC"\Rightarrow(5)$
(1) $C_{r}^{*}(F_{n}),$ $(2\leq n\leq\infty)_{\text{ }}$ (5)




Theorem $3\mathrm{c}\mathrm{f}.[15]A$ separable exact $C^{*}-$ $O_{2}$ $C^{*}-$ $E$ $E$
$D$ (i), (ii)
(i) $D$ $O_{2}$ essential hereditary $0$
(ii) $E/D\cong A_{0}$
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Glimm nontype I $C^{*}-$ $\mathrm{c}\mathrm{f}.[19]$ –Nontype I $C^{*}-$
CAR- $M_{2^{\infty}}$ subquotient – $O_{2}$
$O_{2}\supset\exists L$ closed left ideal;
$O_{2}=N(L)+L+L^{*},$ $N(L)/L\cap L^{*}\cong M_{2^{\infty}}$ , $N(L)=\{x\in \mathit{0}_{2}|Lx+Lx^{*}\subset L\}$
Kirchberg exact $C^{*}-$ [15] – Exact $C^{*}-$ $M_{2^{\infty}}$
subquotient –RP $\text{ }$
$M_{2^{\infty}}\supset\exists C\triangleright\exists J;C/J\cong A$
$O_{2}\supset N(L)arrow N\pi(L)/L\cap L^{*}\cong M_{2^{\infty}}\supset C\triangleright J$
$E=\{x\in N(L)|\pi(x)\in C\},$ $D=\{x\in N(L)|\pi(x)\in J\}$
Brown [5] –separable $C^{*}-$ A full hereditary
A stable – $O_{2}\otimes \mathrm{K}\cong D\otimes \mathrm{K}$
Zhang $[20]-\mathrm{s}\mathrm{i}\mathrm{m}\mathrm{p}\mathrm{l}\mathrm{e}$ purely infinite $C^{*}-$ unital stable –
$D\cong D\otimes \mathrm{K}$
$D\cong O_{2}\otimes \mathrm{K}$ Busby diagram [6], $\mathrm{c}\mathrm{f}.[241$




$0$ $arrow$ $O_{2}\otimes \mathrm{K}$ $arrow$ $M(O_{2}\otimes \mathrm{K})$
$arrow\pi$
$M(O_{2}\otimes \mathrm{K})/O_{2}\otimes \mathrm{K}$ $arrow$ $0$
Effros-Haagerup Lifting Theorem $[10]-\mathrm{E}$ exact $\mathrm{D}$ nuclear
$\beta\theta=id_{A}$ completely positive map $\theta$ – $\theta$ : $Aarrow E\subset$
$O_{2}$ $*$ -homomorophism
short exact sequence
$0$ $arrow$ $D$ $arrow\alpha$ $E$
$arrow\beta$
$A$ $arrow$ $0$
split (i.e $\beta\gamma=id_{A}$ $*$-homomorophism $\gamma$ ) Busby
invariant $\tau_{E}$ ’ liftable (i.e. $\eta_{T=}\tau_{E}$ $\eta$ : $Aarrow M(O_{2}\otimes \mathrm{K})$
$\tau_{E}$ liftable Theorem A(i)
4 $\mathrm{E}\mathrm{x}\mathrm{t}(\mathrm{D}, \mathrm{A})$
$D$ stable (i.e. $D\cong D\otimes K$ ) 2 extension
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$\mathrm{O}arrow Darrow B_{i}arrow Aarrow \mathrm{O}$ , $i=1,2$
Busby invariant
$\tau_{i}:Aarrow M(D)/D$ $i=1,2$




$\phi,$ $\psi$ equivalent (i.e. $\phi\sim\psi$ ) liftable $\tau_{1},$ $\tau_{2}\in$
$Hom(A, M(D)/D)$
$\phi\oplus\tau_{1}\approx\psi\oplus\tau_{2}$




$Ext(D, A)-1=$ {$Ext(D,$ $A)$ invertible element }
5 $\mathrm{K}\mathrm{K}-$ , Wyle von-Neumann Th
Kasparov Stinespring type Theorem [11]
$Ext(D, A)^{-1}=$ { $cp$ –liftable class }




$KK^{1}(D, A)$ homotopy invariant
$D=O_{2}\otimes \mathrm{K}$ $O_{2}\otimes \mathrm{K}$ $id$ $id\oplus id$ homotopic [9] (i.e. $x\sim_{h}$





Remark 6 $O_{n},$ $(n\geq 3)$ $(n-1)[\mathcal{T}_{E}]=0$
$[\tau_{E}]=0$ $n=2$
liftable $\tau_{1},$ $\tau_{2}\in H_{\mathit{0}}m(A, M(o_{2}\otimes \mathrm{K})/O_{2}\otimes \mathrm{K})$ $\tau_{E}\oplus\tau_{1}\approx$
$\tau_{2\circ}$
$\tau_{1}$ lifting $\hat{\tau}_{1}$ $\sigma$ $E$ $C$ $\varphi=\hat{\tau}_{1}\mathcal{T}_{E}^{-1}\pi$ Generalized
Weyl-von Neumann Theorem [18]
Theorem 7 $A$ separable simple purely infinite $C^{*}-$ $C$ separable unital
$M(A\otimes \mathrm{K})$ $C^{*}-$
$\varphi$ : $Carrow M(A\otimes \mathrm{K})$ unital
completely positive $\varphi(C\cap(A\otimes \mathrm{K}))=\{0\}$ unitary $\{u_{n}\}\in$
$M(A\otimes \mathrm{K})$
i) $c\in C$ $c\oplus\varphi(c)-u_{n}^{*}Cu_{n}\in A\otimes \mathrm{K}$
ii) $c\in C$ $||c\oplus\varphi(c)-u_{n\pi}*cu||arrow 0$
unitary $u\in M(O_{2}\otimes I\zeta)$
$\pi(c)\oplus\pi(\varphi(c))=\pi(u)*\pi(C)_{T()}u$ , $c\in C$
$\pi(u)^{*}\tau_{E}(a)\pi(u)=\tau E(a)\oplus\tau_{1}(a)$ , $a\in A$
$\mathcal{T}_{E}\approx \mathcal{T}_{E}\oplus \mathcal{T}_{1}\approx\tau_{2}$
liftable Theorem A(i) \mbox{\boldmath $\zeta$}
6 Nuclear $C^{*}-$
Theorem A(ii)
Theorem $8\mathrm{c}\mathrm{f}.115$] $A$ unital separable nuclear $C^{*}-$ $O_{2}$
$L$ (i), (ii)
(i) $L\cap L^{*}$ $O_{2}$ essential hereditary
(ii) $N(L)/L\cap L^{*}\cong A$
Glimm nontype I $C^{*}-$
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$O_{2}\supset\exists L_{1}$ closed left ideal;
$O_{2}=N(L_{1})+L_{1}+L_{1}^{*},$ $N(L_{1})/L_{1}\cap L_{1}^{*}\cong M2\infty,$ $N(L1)=\{x\in O_{2}|L_{1}x+L_{1}x^{*}\subset L_{1}\}$
Kirchberg nuclear $C^{*}-$ [15]
$M_{2^{\infty}}$
.
$\supset\exists L_{2}$ left closed ideal; $M_{2^{\infty}}=N(L_{2})+L_{2}+L_{2}^{*}$ , $N(L_{2})/L_{2}\cap L_{2}^{*}\cong A$
$O_{2}\supset N(L_{1})arrow N\rho(L_{1})/L_{1}\cap L_{1}^{*}\cong M_{2^{\infty}}\supset N(L_{2})arrow N(L_{2})/L_{2}\cap L_{2}^{*}\cong A$
$D=\rho^{-1}(L_{2}).$ , $L=\overline{O_{2}D}$
short exact sequence
$0$ $arrow$ $L\cap L^{*}$ $arrow$ $N(L)$
$arrow\beta$
$A$ $arrow$ $0$
$L$ closed projection $q\in O_{2}^{**}$ (i.e. $L=O_{2}^{**}(1-$
$q)\cap O_{2})\text{ }$
$N(L)/L\cap L^{*}\cong qO_{2}^{**}q\cap O_{2}$
$\emptyset$ : $O_{2}arrow A$ $x-qxq$
Theorem A(i) $\beta$ right inverse $\theta$
$(\mathrm{i}.\mathrm{e}. \beta\theta=id_{A})_{\text{ }}$ $E(X)=\theta\phi(X)$
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